THE CYCLOTOMIC BMW ALGEBRA ASSOCIATED 
WITH THE TWO STRING TYPE B BRAID GROUP 



STEWART WILCOX AND SHONA YU 

Abstract. The cyclotomic Birman-Murakami-Wenzl (or BMW) 
algebras introduced by R. Haring-Oldenburg, are extensions 
of the cyclotomic Hecke algebras of Ariki-Koikc, in the same way as 
the BMW algebras are extensions of the Hecke algebras of type A. 
In this paper we focus on the case n = 2, producing a basis of ^2 
and constructing its left regular representation. 



1. Introduction 

Motivated by knot theory associated to the Artin braid group of type 
A and the Kauffman hnk polynomial, Murakami [5J and Birman and 
Wenzl [2] defined what are now known as the BMW algebras. The Artin 
braid group relations of type A appear in the defining relations of the 
BMW algebras. Also, the Hecke algebra of the symmetric group (the 
Coxeter group of type A) appears naturally as a quotient of this algebra. 
Motivated by type B knot theory and the Ariki-Koike algebras [1] (also 
known as the cyclotomic Hecke algebras of type G{k, l,n)), Haring- 
Oldenburg |3] introduced the "cyclotomic BMW algebras" J3§^, of which 
the Ariki-Koike algebras appear naturally as a quotient in a similar 
fashion. In this paper we study in detail the algebra > with the hope 
of utilising our results to study the algebra for higher n. 

A natural question to address is whether is always free as a mod- 
ule over our ground ring R. Our main result is that if our parameters 
Aq, . . . , Ak-i, go, ... , Qk-i, Q, A are admissible (see Definition[2]) then the 
algebra ^2 is -R-free of rank 3fc^. 

In Section 2, we establish these "admissibility" conditions (see Def- 
inition [2]) and construct a ^2 "Module V of rank k (see Lemma E]). 
Then in Section 3, using this rank k module, we are able to construct 
the regular representation of ^2 provide an explicit basis of the 
algebra. These results are stated but incompletely proved in Haring- 
Oldenburg [Ij; specifically, additional arguments are needed to prove 
Lemma 25. In the present paper we take a slightly different approach 
and the arguments we offer correct this problem. 

The authors thank Bob Howlett for his helpful suggestions during 
the preparation of this manuscript. 
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2. The Cyclotomic BMW algebras 

Definition 1. Fix natural numbers n and k. Let i? be a commu- 
tative ring containing units Aq.Pq, . . . ,Pk-i, q, A and further elements 
Ai, . . . , Ak-i such that A — A~^ = (5(1 — Aq) holds, where 6 = q — q~^. 
The cyclotomic BMW algebra ^^{R) is defined to be the unital as- 
sociative i?-algebra generated by y^^, ^, . . . , and ei, . . . , e„__i 
subject to the following relations: 



X. - Xr^ 
XiXj 
XiXi^iXi 
XiCj 

Xid 
^iXi±iei 
XiXi±iei 

k-l 

\{{y-p^) 

XiYXiY 
YX, 
YXiYei 



5(1 - e,) 

XjXi for|z-j|>2 
Xi+iXiXi^i 

for |« — j| > 2 
for |i — j| > 2 
Ae,; 



CjXi 



Gi±lXiXi±i 



CiXi 

ei±iei 
ei 





YXiYXi 

XiY for i > 1 

A-^ei = eiYXiY 

AmGi for < m < A; 



If the k^^ order relation Ilto^l^ = is omitted one obtains the 
affine BMW algebra, studied by Goodman and Hauschild in [3]. Thus 
the cyclotomic BMW algebra is a quotient of the affine BMW algebra. 

In this paper we shall focus our attention on the algebra BSl{R). We 
simplify our notation by omitting the index 1 of Xi and Ci. Specifically, 
^2 is the unital associative i?-algebra generated by 1^^^, X^^ and e 
subject to the following relations: 



fc-i 

\{{y-p^) 

X -x-^ 

XYXY 
Xe 
YXYe 
eY'^e 





5(1 -e) 
YXYX 
Xe = eX 



A-^e 
A^e 



eYXY 
for < m < /c — 1. 



(1) 

(2) 
(3) 
(4) 
(5) 
(6) 
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Let • • • 5 <lk-\ be the signed elementary symmetric polynomials in 
Po, • • • so that 

k-\ 
i=0 

Observe that go = {~^)''^^ YliPi is invertible. Define qk = —1. Then 
^f=o 9^^' = cind the inverse of Y may then be expressed as a linear 
combination of nonnegative powers of Y as follows: 

fc-i 

i=0 

Remark: 

1) Our proofs apply unchanged if the relation Ilto^l^ ~ Pi) =0 is 
replaced by Y'' = J2i=o QiY\ without any assumption that the poly- 
nomial ^j=o ^j^'^ factorizes in R. All that we require is that go be 
invertible. 

2) There is an anti-involution * of i^gl-^) such that 

Y* = Y, X* = X and e* = e. (7) 

Let t)2 (-R) denote the unital associative i?-algebra with generators T^^, 
T^^ and relations 

ToTiToTi = TiToTiTo 
fe-i 



l[{To-p^ 



1=0 



= 6Ti + l. 

Here f)2(-R) is essentially the Ariki-Koike algebra [1], with the parame- 
ters modified. It is clearly a quotient of (i?), and indeed ^2/^ — ^2 
as i?-algebras, where I is the two-sided ideal generated by e in (i?). 
Using the relations of the algebra and the relation 

XY^e = Y~^X~^XYXY^e 



aysj 



Y-^X-^Y^XYXe 
Y-^X-^Y^-^e 

y-^XY^-^e - 6Y^-^e + dA.iY'^e, 

it is straightforward to show the left ideal of J3§2 generated by e is the 
span of {Y'e \ 0<i<k-l}. 

As a consequence of the results in Goodman and Hauschild [3], the 
set {y*e I z G Z} is linearly independent in the affine BMW algebra, 
and so it seems natural to expect that the set {Y'^e \ 0<i<k — 1} 
will be linearly independent in the cyclotomic BMW algebra. How- 
ever, for this to hold we must impose additional restrictions on our 
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parameters Aq, . . . , Ak_i, q^, . . . , Qk-i, q, A. We say that our choice of 
parameters Aq, . . . , Ak_i, qq, . . . , Qk-i, q, A is admissible if these condi- 
tions are satisfied and, additionally, q — q~^ is not a zero divisor. The 
precise definition is given below. 

3. Construction of V 

Under these admissibility conditions, wc construct a free <^f(-R)- 
module V of rank k isomorphic to the i?-span of {V^e \ < i < k — 1}, 
hence proving the {Y^e \ < i < k—1} are indeed linearly independent. 

Let V be the free i?-module of rank k with basis Vq, Vi, . . . , Vk-i- 
Define a linear map Y : V ^ V hy 



Yvi = Vi+i, for < i < A; - 2, (8) 

k-1 

Yvk-1 = ^qiVi. (9) 

Since qo is invertible, this guarantees that Y is invertible, with inverse 

Y'\i = Vi_i, forl<i<A;-l, (10) 

k-1 

Y vo ^ -qg^^qi+iVi. (11) 

i=0 

Also Y\o = Vi for i = 0, . . . , /c — 1. Define Vs — Y^vq for all integers s. 
The definition of Yvk-i gives 

k 

Y,<1iY'vo = Q. 

=0 



For any integer i, applying Y to this gives 

k 

Y^QiY'v.^Q. (12) 



l=Q 

Also Y^ is invertible for any integer I and, as {vq, vi, . . . , Vk-i} is a basis 
for V , the set 

{y'vo, y'vi, . . . , Y\k-i} = {vh . . . , vi+k-i} (13) 
is also a basis for V . 

Now let us define linear maps X,E :V ^ V hj 
Xvo = A^;o, (14) 



Xvi = X-^Y vo, (15) 
Xvi = Y~^Xvi-i - Svi-2 + SAi^iY~\o, for 2 < i < A; - 1, (16) 
Evi = AiVo, for < i < A; - 1. (17) 
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Since A"^ = A — 5 + bAi^ in i?, substituting i = \ into (|TU|) reproduces 
( TTSll . Also, note that the image of the map E is \m.{E) = (vo), where 
(S) denotes the i?-submodule spanned by the set S. Furthermore, let 
us denote by W the map X — 6 + 6E. Thus f lT^ and ffTUj) become 

Xf, = Y'^Wvi^i, ioT l<i<k-l. (18) 

Our aim is to show that V is actually a ^g'^^o^ule, where the action 
of the generators Y, X and e are given by the maps Y, X and E, respec- 
tively. In order to prove this, we require Y WY = X. By equations 
(fTU|) and ffT^ . this relation automatically holds on Vi, . . . ,Vk-i, so we 
need only ensure that 

(Y'^WV^ - X)vo = 0. 

For convenience, we write the left hand side relative to the basis 
{vo,v_i,...,Vi_k}- Let 

fc-i 

{Y-'WY-' - X)vo = avo + J2 

1=1 



where a and hi are elements of R. 

Definition 2. Let R be as in Definition [H The family of parameters 
{Aq, . . . , Ak-i, qo, . . . , qk-i, Q, A) is called admissible if the following 
three properties are satisfied: 

(a) 6 = q — q~^ is not a zero divisor; 

(b) A-A-i = 5(l-Ao); 

{c) hi = . . . = hk-i = a = 0, where the hi and a are as defined 
above. 

It can be shown that the admissibility conditions are given by the 
following: 

q^'^X^^ — A if is odd 

go^^A^^ — A — 5qQ^ if k is even 

and 

k—l ['-^\ min(Z,m-l) 

hi = -X'^{qo^qi + qo^qk-i)-Sqo^ ^qr+iAr - ^ q2i-i + ^q2i 

r=l i=max{l+l,m) i=\-~\ 



a 



In the case when 6 is invertible, these conditions may be viewed as a 
triangular system of equations for Aq, . . . , Ak-i- It is important to re- 
mark here that our definition of admissibility differs from the definitions 
of "potentially admissible" and "admissible" in Haring- Oldenburg [1]. 
However, the above equations coincide with those obtained by Haring- 
Oldenburg. Also, note that R need not be an integral domain. 
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Henceforth assume that R is as in Definition [T] and the parameters 
• • • ; %i ■ ■ ■ 1 Qk-i, <?, A are admissible. Denote ^2 simply by 
^1- _ ^ ^ 

Then, by our argument above, Y WY = X holds on all of V and 
hence rearranging gives 

YXY = W = X -5 + 5E. 

Thus YXYX - XYXY = [YXY,X] = [6E,X], where [ , ] denotes 
the standard commutator of two maps. 

Since lm{E) = (vq) and Xvq = Xvq by definition, 

lm{[6E,X])C{vo). (19) 

Let N = YXYX - 1. Then 

[A^, Y] = NY- YN 

= YXYXY -Y - YYXYX + Y 

= Y{XYXY - YXYX) 

= -Y[6E, X] 

and 

[N,Y~^] = -Y'\n,Y]Y'^ = [5E,X]Y'\ 
Therefore, by ffT^ . 

lm{[N,Y]) C {vi) and lm{[N,Y~^]) C {vo). (20) 
Observe that 

YXYXvo = XYXYvo = XYXvi = XY{X-W\o) = vq 

and 

YXYXvi = YXY{X-^Y'^vo) = X-^YXvq = X-^Y{Xvo) = vi, 
hence Nvq = Nvi = 0. 
Lemma 1. 

Nvi e {vi,V2,. . . ,vi_i), for all I > I, (21) 

and 

Nv-rn & {vo,V-i, . . . ,v^(rn~i)), for all m > 0. (22) 

Proof. We have already established Nvq = Nvi = above. To prove 
the first assertion, we argue by induction on /. Assume that / > 2 and 
Nvi-iE {vi,V2, . . . ,Vi-2)- Then 

Nvi = [iV, Y]vi^^ + YNvi.i e {vi) + {V2, . . . , vi.^), 

by ( 120|) and the inductive hypothesis. Thus Nvi G (f i, . . . , fz_i) for all 
/ > 1. 
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Similarly, we prove the second assertion by induction on m. Assume 
m > 1 and Nv^{^ra-\) e (t^o,^^-i, • • • ,^^-(m-2))- Then 

e {Vo) + {V-i, V^2, ■ ■ ■ W-(,n-l)), 

by (^U^ and the inductive hypothesis. So Nv^^ ^ ("^O; "^^-i; • • • ; i'-(m-i)) 
for all m > 0. 

□ 

Lemma 2. YXYX is the identity map on V . 

Proof. We are required to show that Nvi = for i = 0,1, . . . , k — 1. 
We proceed by induction on i. The cases i = and i = 1 have been 
established above. Suppose that 2 < i < k — 1 and 

Nvo = Nvi = ... = Nvi-i = 0. (23) 

Since Wi_2, • • • , "yj.fc} is a basis for V, by (|T^ . we have that 

Vi e {Vi-i,Vi-2, ■ ■ .,Vo,V-i, . . .,Vi-k)- 

Together with our inductive hypothesis ( l23i) . this implies 

Nvi G N{vq,v_i, . . .,Vi^k) 

C {vq,V-i, . . .,Vi-k+i), by ([22]). 

However states that iVwj G (f i, • • • , "^^i-i)- Again using that 
{vi-i, Vi-2, . . ., Vi-k+i,Vi-k} forms a basis for V, 

{Vi,V2, fj-l) n {Vo, f-i, . . . , t^i-fc+l) = 0. 

Therefore Nvi = 0. So by induction on i, we have proved that Nvi = 
for all < z < /c — 1, as required. □ 

Lemma 3. (cf. Lemma 25 of Hdring-Oldenburg |3]j 

Suppose the choice of parameters in R satisfy the admissiblity condi- 



tions. Then the following relations hold on V: 

k 

Y,qiY' = (24) 
1=0 

XW = WX = 1 (25) 

XE = XE = EX (26) 

YXYX = XYXY (27) 

EY^'E = AmE, for alio <m < k - 1, (28) 

EYXY = YXYE = \-^E (29) 



Furthermore V is a ^2{R)'''T^'^dule, where the actions of Y , X, X 
and e on V are given by the maps Y , X , W and E, respectively. 
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Proof. The k^^ order relation fl24l) is immediate from fll2p . As a conse- 
quence of Lemma [21 

WX = YXYX = 1. 

Clearly, this implies 

XW = XYXY = Y-\YXYX)Y = Y-\l)Y = 1. 

Hence we have proved fl^ and flTTj) . Moreover, 

[6E, X] = [W, X] = 0. 

Since 5 is not a zero divisor in R, by the definition of admissibility, and 
since Endji{V) is a free i?-module, it follows that X commutes with E. 
Thus using (fTTl) and (fTil). 

= = A_E, 

proving fl2Ul) . Equation (!2H|) follows easily from ([H]) and (1171) . Further- 
more, since YXY = W, fl25l) and fl26|) imply fl29l) . The last assertion 
of Lemma [3] now follows immediately. □ 

Theorem 3.1. The map ip : V ^ spanj:j{y*e | < i < A; — 1} which 
maps Vi to y*e defines a ^2i^)'''^'^'^'^^^ isomorphism. 

Proof. Let U = span^{y*e |0<i<A; — 1}. It is clear that ip : V U 
is a surjective i?-module homomorphism. Recall that ?7 is a left ideal in 
^2- We can therefore define a ii^f -module homomorphism ip : U ^ V 

by 

ip{a) = g^Aq^vq), for all a E U. 

Then 

^iviv,)) = Y'e{A^\o) = Y% = V, 

for < z < A; — 1, so that tpip is the identity. Since if is surjective, it 
follows that and if are inverses. Therefore they are both -module 
isomorphisms. □ 

Hence, as a direct consequence of Theorem 13. the set {Y^e \ < 
i < A; — 1} is linearly independent. A more direct proof of this is given 
as follows. Suppose Yli=o c^iY^e = 0, where G R. Considering the 
action of both sides on vq gives 

k-l 

Aq ^ ttiVi = 0. 

i=0 

But Aq is invertible and vq, ■ ■ ■ ,Vk-i are linearly independent over R, 
so each ctj must be 0. 
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4. Constructing the Regular Representation of SS\ 

In this section, under the assumptions of admissibihty, we shall prove 
that SS\{K) is a free i?-module of rank ?)k'^ and provide an explicit basis 
of !^\{K)\ consequently, we show that {V^eY^ \ i, j = 0, . . . , k — 1} is 
a basis of the two-sided ideal of (-R) generated by e. 

Recall that {vi \ r < i < r + k} forms a basis for V for any integer r. 
Therefore, the i?-module So = V" V has basis 

{vij \ r<i<r + k and s < j < s + k} 

for any integers r and s, where Vij = Vi ®Vj. In particular, Sq is R-bee 
of rank k'^. The anti-involution * permits us to make "Eq = V ®V into 
a , )-bimodule with left action satisfying 

a{v ® v') = av ®v' 

and right action satisfying 

{v (g) v')h = v® {b*v'), 

for all a, 6 G ^2 v, v' G V. In particular, for each integer j there is 
a =^^f-module isomorphism from V to (vij | i G Z) taking f « to Vij for 
all 2. 

Let Si and S2 be -R-modules isomorphic to Sq, with isomorphisms 
^1 : So ^ Si and ^2 : Sq S2. Define 

S = So©Si©S2, 

so that S is i?-free of rank Sk"^. For all integers i and j, define Uij = 
C.i{vij) G Si and Wij = ^ -2- Now ([T2]) gives 

^ k \ / k \ 

^ g^^^i+i j © f J = ® I ^ g;t;j+/ I = 0- 
j=o / \i=o J 

Expanding and applying ^1 and ^2, we obtain 



k k k 

T.QiVi+hj = ^qiUi+ij = ^qiWi+ij = 
1=0 1=0 1=0 

k k k 

1=0 1=0 1=0 



(30) 



for any integers i and j. 

In order to give S a ^f'^^odule structure, we shall define linear maps 
in End/i;(S), again denoted Y, X and E, and show they satisfy the 
defining relations of l3§2- We already have a left ef^g "Module structure 
on Sq, so we define Y, X and E to act on Sq as Y, X and e, respectively. 
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Thus it follows that 



Yvij = Vi+ij, (31) 



and 



Xvoj = Xvoj, 

Xvij = Y~^Xvi^ij — Svi^2,j + S^i-iy^^Voj, for 1 < i < A; — 1, 
Evij = AiVoj, for < 2 < A; — 1. 

We want S to be isomorphic to the regular representation with 
Vij, Uij and Wij corresponding to Y^eY\ Y^XY^ and XY^XY^ , re- 
spectively. Motivated by this, we make the following definitions for 



k-iy. 






Euij 


= VooY'XY^ 


(32) 


Ewij 


= vooXY'XY^ = XEuij 


(33) 


Xuij 


= Wij 


(34) 


Xwij 


= Uij + Swij — 6XEuij 


(35) 


Yuij 


= Ui+i,j 


(36) 


Ywij 


= Wuij+i + 6ui^i+j - SYXvij, 


(37) 



where, as in the construction of the =^^2"'^odule V, W denotes the 



linear map X — 6 + 5E. Note that (1321) and ( ]33l) make use of the right 
-module structure of Hq. Since fjj, Uij and Wij satisfy the k-th. order 
relations flHUl) . an easy argument shows that flHTl) - flH7j) are satisfied for 
any integers i and j. 

Lemma 4. For any integer i, 

Ywu = wi^i+i. (38) 

Proof. Because YXYvq = X~^vq = X^^vq, we have 

YXYvoi = X'^voi and vqoYXY = X^^vqq. 



Thus 



Ywii ^ Wui^i+i + 6ui^i+i - 6YXvii 

W {X-6 + 6E)ui^,+i + 6ui^i+i - SYXYvoi 



+ 6vooYXY'+' - 6X~'vo. 
w,,i+, + 6X-'vooY' - 6X-'vooY' 

= Wi^i+i, 

as required. □ 



THE CYCLOTOMIC BMW ALGEBRA SS\ 11 

Theorem 4.1. The maps X, W , Y , E : E ^ S defined above satisfy 
the following identities: 

XW = WX = 1 (39) 

XE = EX = XE (40) 

XYXY = YXYX (41) 

EYXY = YXYE = X'^E (42) 

EY^E = AmE, for alio <m<k- 1, (43) 

k 

Y^qiV' = 0. (44) 

1=0 



Furthermore H is i^f-moc?'u/e where the actions of the generators Y , X, 
X^^ and e on E are given by the maps Y , X, W and E, respectively. 

Proof. Recall that the actions of X, Y and E on So are defined by the 
^2"i^oclule structure on Sq. Thus all the relations hold immediately 
on Sq and we need only verify them on the Uij and Wij. 

Claim: XW = WX = 1 and XE = EX = XE. 

Fix integers i and j. It is easy to see that X and E preserves the three 
dimensional i?-submodule of S spanned by {uij,Wij, Euij}, and that 
their actions on this -R-submodule are given by the matrices 

X' = I 1 6 and = , 
\0 -6X X J \1 X Ao J 

respectively. Using the fact that A — 5 + 6Ao = A^Mn i?, a direct 
computation shows x\x' - 6I3 + 6E') = {x' - 6I3 + 6E')x' = /g. 
Thus XW and WX both act as the identity on this submodule, and in 
particular on Uij and Wij. This proves ( 139|) . Similarly, it is easily shown 
that x'e' = e'x' = XE\ so that XE = EX = XE on S, giving fliUj) . 

Now that we have proved (!39|) . we may rewrite W as X . Our next 
step is to show that relation (HTI) holds on the Uij. 

Claim: {XYXY)uij = {YXYX)uij. 

XYXu^+ij 
XYwi+ij 

X{X + - 5YXvi+ij) 

Mi+ij+i + 5wi^i+j+i - SXYXYvij. 



We have 

XYXYu., # 
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On the other hand, 

YXYXuij ^ YXYwij 



^ YX{X ^Mjj+i + Sui^i+j - SYXvij] 
^ Y{uij+i + 6wi^i+j - 6XYXvij) 



- Mj+ij+i + 5Ywi^i+j - 5YXYXvij 



+ Swi^i+j+i - 5XYXYvij. 
This proves our claim: 

{XYXY)uij = {YXYX)uij. (45) 
To prove {XYXY)w^j = {YXYX)wij, we need to first prove 



Claim: YXYEuij = X^^Euij = EYXYuij and YXYEwij 
X-^Ewij = EYXYwij. 



It is easy to see that 

YXYEuij ^ YXYvqqY'XY^ 
= X-^v^^Y'XY^ 

X~^Euij. 

Recall that YXY acts as X — 5 + 5e on Therefore ifO<'i<A; — 1, 
then 

^^^^ m ^^TF 

EYXYuij = EYXui+ij 



EYwi+ij 

1 

= E{X Mi+ij+i + - 6YXvi+ij) 

^ X~^Eui+ij+i + 6Eui^i+j+i - 6eYXvi+ij 

X-^vooY'+^XY^+^ + 6vooYXY'+^+^ - 6eYXvi+ij 

® X-^vooY\X -6 + 6e)Y^ + 6X~\oY'^^ - 6eYXYvij 

= X-^VqqY'XY^ + 6X-^VooY'eY^ - dX-^eVij 

X'^Euij + 6X'^voieY^ - 6X'^AiVoj 
X-^Euij + 6X"^AiVooY^ - 6X~^AiVooY^ 
X~^Euij. 
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Hence Y XY Euij = EYXYuij = X~^Euij. Moreover, this implies 
YXYEwij ^ X{YXYEuij) = XX-^Euij = X'^Ewi^ 

and 



EYXYwij = EYXYXuij 



m 

= X'^XEuij 
# X-^EXu, 



EXYXYuij 



XEYXYuij 



X ^Ewii. 



Hence YXYEwij = X~^Ewij = EYXYwij, finishing our proof of 
2]). We are now ready to show that XYXYwij = YXYXwij. By 
and (HO]), we have x'^ = 1 + 6X - 6XE. Thus 



YXYXw.j ^ YXYX^Uij 



YXY{1 + 5X - 6XE)uij 
{l + 5X~5XE)YXYu 



x\XYuij 



XYXYXu,j 



# XYXYw.,. 



Hence we have proved (14T]) . 

For any integer / and for 0<m<fc — l,we have 



EY Vol = eY'^voi = eVmi = A^vqi. 

Thus EY"^ acts as Am on {vqi | < / < A; — 1). However, it is clear 
from the definitions that the image of E lies in {vqi | < / < A; — 1). 
Therefore EF^E = A^E, giving fH3|) . 

It now remains to show that Y satisfies the k-th order relation (^^. 
It follows directly from ([30]), (E]) and (IMD that 



k k 

qiY Vij = ^ qiY Uij = 0, 

1=0 1=0 

for all integers i and j. We shall prove X]f=o ~ ^ alH > 1 

by induction on i. 
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It is clear from (!38l) that = wij+i for any integer j. Thus 

^qiY wij = ^qiWij+i = 0, 

1=0 1=0 

proving the case 2 = 1. Suppose the inductive hypothesis holds for 
some i > 1. Recall, by definition (1351) . Xwij = Uij + 6wij — 6XEuij. 
Then, using ([361) and (EZD, 

YXwij = Ui^ij + 5X ^Mjj+i + — 5'^YXvij — SXYEuij. 

Applying X to both sides and rearranging gives 

Wi+ij = XYXwij — Suij+i — + S^XYXvij + 5\XY Euij. 

Now, the terms "Ujj+i, XYXvij and XYEuij lie in the i?-submodule 

So © Si. We know the operator Yl\=o 'ii^ ^^^^ operator on 

this submodule, so applying this operator to both sides gives 

k k k 

qiY Wi+i^j = ^ qiY XYXwij - ^ qiY wi^i+j 

1=0 1=0 1=0 

® xYxJ2<lly'^^^ - E 

/=0 1=0 

= 0, 

by the inductive hypothesis and the i = 1 case proved above. Therefore 

we have proved by induction on i that Yl^=o '^v ~ i > I. 

However, {wy \ I < i < k} spans S2, so (jH]) holds on all of S. This 
completes the proof of the theorem. 

□ 

We have now constructed a free of rank The 

following theorem shows that S is in fact isomorphic to naturally 
considered as a ^g'^^odule. Moreover, it states explicitly the bijection 
between our basis of S and a basis of 

Theorem 4.2. (cf. Proposition 29 of Hdring-Oldenburg [4j^ 
The R-module homomorphism : S ^ defined by 

Vij ^ Y'eY^ 
Uij ^ Y'XY^ 
Wij ^ XY'XY^ 

is a 1^2'™'(^dule isomorphism. Furthermore SS\ is R-free of rank 3/c^ 
with basis {Y'eY^, Y'XY^,XY'XY^ \ i, j = 0, . . . , k - 1} . 

Proof. To show that is a e^^2"^odule homomorphism, it suffices to 
check that (f){axij) = a(j){xij) for a G {X, Y, e} and x G {u, v, w}. This is 
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straightforward to verify using the algebra relations and the definitions 
of X, Y and E. 

Let K = Woo ~ '^'"00 + (^Af 00 G S. Consider the SS\-ma&\AQ homomor- 
phism C : S defined by 

a H-i> aK. 

We will show that and C are mutual inverses. Certainly C,(X) = k and 

(f){K) =X'^-6X + 6Xe = 1. 

Thus 0C(1) = 1- But (f)( is a .f^f "Module homomorphism and 1 gener- 
ates ^2 a =^^f-module, so is the identity. The same argument will 
show that ((f) is the identity, provided we can show that k, generates 
S, as a ^2"i^odule. Let ^2'^ be the submodule of S generated by k. 
Certainly ^2^^ contains 

Xk ''^J^ (^ipQ _^ ^y^QQ _ (5AeMoo) - 5woo + SXXvqq 
= Uoo - SX'^voo + 5X'^voo 

= Uoo- 

Thus ^f'^ also contains XYuoo = wio- Now, for any integers i and j, 
the element 

is contained in ^2^^. Applying X, we also have Wij G J3§2i^. Finally 
contains 



X-^Y'euoj = X-^Y'vooXY^ 
= Y'vooY^ 



Vij 



for all integers i and j. Therefore ^2^^ = S, so that and ( are mutual 
inverses as claimed. Hence ^2{^) is a free i?-module of rank and 
{F*eF^ Y'XY^^XY'XY^ | i, j = 0, . . . , A; - 1} is an i?-basis of e^^t(i^). 

□ 

Corollary 1. (Lemma 26 of Hdring- Oldenburg J^) 
The two-sided ideal o/=^^f(-R) generated by e is a free R-module with 
basis {Y^eY^ \ i,j = 0, . . . , k — 1} . Moreover, as a i^f (-R)-mo(iM/e, it 
is isomorphic to a direct sum decomposition of k copies ofV. 

Proof. By Theorem 14.21 the restriction of to So = V" (Sir V is an 
injective -module homomorphism (p' : V V ^ ^2- Now V ®r V 
has an i?-basis {vij | i, j = 0, . . . , — 1}, so 

I ^, J = 0, . . . , A; - 1} = {Y'eY^ \ t,j = 0, . . . ,k - 1} 
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is an i?-basis for lm(0'). Now lm(0') is a left ideal of i^f, since 0' is 
a ^2"^0'^ul^ homomorphism. But (V^eY^)* = Y^eV^. Thus lm(0') is 
invariant under *, so it is a two sided ideal of clearly contains 

and is generated by e, so it is exactly the two sided ideal generated 
by e. Finally under 4>', it is isomorphic as a =^2"™odule to 

k-l 

V ®rV = ^V (^RVi, 

1=0 

that is, a direct sum of k copies oiV. □ 
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